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Sphaleron is a non-perturbative solution of electroweak gauge theories, which is crucially impor-
tant for the scenario of electroweak baryogenesis. The sphaleron energy depends on details of the
mechanism for the electroweak symmetry breaking. We find that in many of new physics models the
deviation of the sphaleron energy from the prediction in the standard model is proportional to that
of the triple Higgs boson coupling with opposite signs. This interesting relation would be useful to
determine the sphaleron energy by measuring this couplings at future collider experiments.
Although the standard model (SM) for particle physics
is successful, the origin of the electroweak symmetry
breaking (EWSB) remains unknown. In spite of the dis-
covery of the Higgs boson h(125) in 2012, the structure of
the Higgs sector is still mysterious. In addition, there are
several important phenomena which cannot be explained
in the SM, such as neutrino oscillation, dark matter and
baryon asymmetry of the Universe (BAU). It is obvious
that a new model beyond the SM is necessary.
Baryogenesis is a concept of new physics beyond the
SM to explain BAU from the baryon symmetric ini-
tial state. In promising scenarios for baryogenesis, ei-
ther leptogenesis[1] or electroweak (EW) baryogenesis[2],
the sphaleron transition plays a crucial role, which can
change the baryon number at finite temperatures of the
early Universe. Sphaleron is a non-perturbative solution
of the EW gauge theory. In the SU(2) gauge theory,
the sphaleron solution was first studied by Manton[3],
and its extension to the SU(2) × U(1) symmetry, i.e.,
the EW gauge symmetry of the SM, was investigated by
Klinkhamer and Manton[4]. Their works have been fol-
lowed by Refs. [5, 6]. The energy of the sphaleron is eval-
uated as about 9.1TeV in the SM with an isospin-doublet
scalar field (the Higgs field).
On the other hand, many viable new physics models
require non-standard Higgs sectors, such as multi-scalar
extensions like supersymmetric models and composite
structures for the nature of the Higgs field. These mod-
els also have the sphaleron solution, as they contain the
structure of the EW gauge theory [7–9]. Their sphaleron
property can be different from the one in the SM due to
the different Higgs sectors. In particular, the sphaleron
energy takes specific values for each model. As Span-
nowsky and Tamarit investigated[9], lower sphaleron en-
ergies than that in the SM are predicted in models with
a deformed Higgs potential, while higher ones are pre-
dicted in minimal composite Higgs models (MCHMs).
The sphaleron energy was also studied in models with
dimension-six operators by Gan et al. [10].
The sphaleron energy depends on new physics models,
so that the model may be able to be discriminated by
the sphaleron energy. Then, how can we determine the
sphaleron energy by experiments? Several studies have
been performed to detect the sphaleron at future collider
experiments or astronomical observations[11]. The possi-
bility of direct detection of the sphaleron at future high-
energy colliders has been proposed in Ref. [12], while the
solidness of the calculation is still under discussion[13].
In this Letter, we shall discuss a new method to de-
termine the sphaleron energy in new physics models at
future experiments. The sphaleron energy is affected
by the shape and the structure of the Higgs poten-
tial. This would suggest that by measuring the Higgs
potential at future experiments we can determine the
sphaleron energy, by which we can narrow down the di-
rection of new physics beyond the SM. The deformed
Higgs potential can affect the triple Higgs boson cou-
pling of h(125), which is expected to be measured at the
High-Luminosity LHC[14] and more precisely at future
high-energy lepton[15, 16] or hadron colliders[17].
The deviation in the sphaleron energy from the SM
prediction is found to be proportional to that in the triple
Higgs boson coupling with opposite sign in a good ap-
proximation in various extended Higgs models; i.e., the
model with a dimension-six operator in the Higgs po-
tential, the renormalizable models with additional scalar
fields in the Higgs sector, those with the classical scale
invariance (CSI), and MCHMs with several matter repre-
sentations. Using the relation with the well known value
of the sphaleron energy of the SM, we can empirically
determine the sphaleron energy in new physics models
by measuring the deviation in the triple Higgs boson
coupling. There have been only few studies to test the
sphaleron property by experiments. Therefore, our new
results are important to obtain the information on the
sphaleron property in various new physics models.
We begin our discussion with the sphaleron energy in
the SM. As shown in Ref. [6], the effect of the U(1) hy-
percharge does not change much the field configuration
of the sphaleron in the SU(2) gauge theory. For the de-
viation in the sphaleron energy from the SM prediction
due to the non-minimal Higgs sector, we simply discuss
the SU(2) gauge theory[3]. We also do not consider the
fermions in this Letter, as their effect on the sphaleron
energy is usually negligible[18].
The energy functional is defined by
E[W ai ,Φ] =∫
d3x
(
1
4g2
W aijW
aij + (DiΦ)†DiΦ + V (Φ)
)
, (1)
where W aij is the field strength of the SU(2) gauge field
W ai with a = 1-3 being the SU(2) index and i, j = 1-3
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FIG. 1: The values of the functions R(r) and S(r) in the SM.
being the index of the space component of the field, g is
the gauge coupling constant, and Φ is the isospin-doublet
Higgs field. In the SM, the covariant derivative and the
Higgs potential are given by
Di = ∂i − ig σ
a
2
W ai , V
SM(Φ) = −m
2
h
2v2
(
Φ†Φ− v
2
2
)2
,(2)
where σa represent the Pauli matrices, v (' 246GeV)
is the vacuum expectation value (VEV) of Φ, mh ('
125GeV) is the physical mass of the Higgs boson h.
Using the hedgehog ansatz[5], the sphaleron solution
can be expressed in terms of functions R(r), S(r), θ(r)
and φ(r) by
W ai (r) = mW
[
aijnj
1−R(r) cos θ(r)
r
+(δai − nani)R(r) sin θ(r)
r
]
, (3)
Φ(r) =
v√
2
S(r)einaσ
aφ(r)
(
0
1
)
, (4)
where na = x
a/r. We take θ(r) and φ(r) so as to satisfy
θ′ = φ′ = 0 and φ = θ/2 + ωpi/2 (ω ∈ Z)[9]. Conse-
quently, the field equations become
r2R′′ −R3 +R(1− r2S2)± r2S2 = 0, (5)
2r2S′′ + 4rS′ − S {(R∓ 1)2 + κ2r2(S2 − 1)} = 0, (6)
where κ = mh/mW . In order to obtain physically allowed
solutions, we take ω to be even, which corresponds to the
upper sign in Eqs. (5) and (6). We numerically obtain
R(r) and S(r) as shown in Fig. 1. Finally the sphaleron
energy is found to be ESMsph = 9.08TeV.
We now turn to the sphaleron energy in new physics
models. In order to satisfy the current LHC data, these
models should have the similar property to the SM at
the EW scale. Therefore, in a good approximation, the
EW symmetry is broken by the VEV of only one SM-like
Higgs field. In this case, the sphaleron energy can be
evaluated by using Eq. (1). The sphaleron energy can be
different from the SM value due to the deformed shape
of the Higgs potential, that of the covariant derivative
term and the different field configurations. The sphaleron
energy in a new physics model can be written as
Enewsph = E
SM
sph + ∆E
new
sph . (7)
The deviation ∆Enewsph depends on the model[9].
In the following, we show that ∆Enewsph can be directly
related to the deviation in the prediction on the triple
Higgs boson coupling in various new physics models;
∆Enewsph = −Anew∆λnewhhh, (8)
where ∆λnewhhh = λ
new
hhh/λ
SM
hhh−1 with λnewhhh being the triple
coupling of h(125) in the new physics model. The coef-
ficient Anew is a positive number, which depends on the
model but is predictable in each model.
First, we consider the simplest example, where we just
add a dimension-six operator to the Higgs potential [10],
V dim 6(Φ) = V SM(Φ) +
1
Λ2
(
Φ†Φ− v
2
2
)3
, (9)
where Λ is a dimensionful parameter. The difference in
the sphaleron energy from the SM value comes from the
additional term, which is given by
∆Edim 6sph = −
piv2κ2
4mW
2v4
m2hΛ
2
∫ ∞
0
drr2(1− S(r))3,
where S(r) are the SM field configuration given in Fig. 1.
We have confirmed that the difference of the field config-
uration from the SM one is negligible for Λ > 600GeV.
On the other hand, the triple Higgs boson coupling can
be calculated in terms of v, mh and Λ as
∆λdim 6hhh =
2v4
m2hΛ
2
. (10)
Therefore, we obtain the relation in Eq. (8) with
Adim 6 =
piv2κ2
4mW
∫ ∞
0
drr2(1− S(r))3 = 0.149TeV. (11)
We note that Adim 6 does not depend on Λ. For Λ =
600GeV (800GeV), ∆λdim 6hhh = +130.5% (+73.4%) which
corresponds to ∆Edim 6sph /E
SM
sph = −2.13% (-1.20%).
Second, we discuss a simple example of the renormal-
izable model, in which N additional isospin-singlet real
scalar fields Si (i = 1-N) are added to the SM. For sim-
plicity, we impose a global O(N) symmetry, so that they
have a common mass. The Higgs potential is given by
V N scalar = V SM + ∆V N scalar, (12)
where
∆V N scalar(Φ, Si) =
µ2S
2
|~S|2 + λS
4!
|~S|4 + λΦS |~S|2Φ†Φ,
(13)
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FIG. 2: The coefficient A(µ2S , λΦS) in the N -scalar model,
together with Adim 6 and ACSI (= AND).
with ~S = (S1, · · · , SN ) being a vector under the O(N)
symmetry. For µ2S > 0, we have 〈Si〉 = 0. The common
physical mass of the scalar components Si is given by
M2S = µ
2
S + λΦSv
2. (14)
Including the one-loop effects, we obtain ∆V N scalareff as
∆V N scalareff = −
Nλ2ΦSv
4
64pi2
[M2(γ − 2− 2γF [M2])
+M4
(
3
2
− F [M2]
)
− γ2F [M2] +
(
1
2
− γ
)]
,
(15)
where M =
√
2Φ†Φ/v and γ = µ2S/(λΦSv
2), and
F [M] = log µ
2
S + λΦSv
2M
µ2S + λΦSv
2
. (16)
Using the hedgehog ansatz, we obtain
∆EN scalarsph = −
Nλ2ΦSv
4
16pim3W
∫ ∞
0
drr2
[
S2(γ − 2− 2γF [S2])
+S4
(
3
2
− F [S2]
)
− γ2F [S2] +
(
1
2
− γ
)]
, (17)
where the field configuration for the SM sphaleron S =
S(r) shown in Fig. 1 is taken as a good approximation.
On the other hand, the deviation in the renormalized
triple Higgs boson coupling is also evaluated as[19]
∆λN scalarhhh =
Nλ3ΦSv
4
12pi2m2hM
2
S
. (18)
Therefore, we obtain
∆EN scalarsph = −A(µ2S , λΦS)∆λN scalarhhh , (19)
where A(µ2S , λΦS) is independent of N . See Fig. 2.
For the case of µ2S  v2, the physical mass MS be-
comes large and the effect of the fields Si decouples from
the low energy observables. The mass MS ('
√
µ2S) can
be regarded as the cutoff scale Λ of the SM. On the other
hand, for µ2S ∼ v2, the loop effect of the fields Si does not
decouple and the triple Higgs boson coupling is largely
enhanced by a significant non-decoupling effect of the
fields Si[19, 20]. In this case, the EW phase transition is
strongly first order. The limiting values are given by
A(µ2S , λΦS)→
{
Adim 6 (µ2S  v2),
AND (µ2S → 0),
(20)
where Adim 6 is given in Eq. (11) with Λ being replaced by√
µ2S , and A
ND is given by AND ' 0.182TeV. In Fig. 2,
the numerical value of A(µ2S , λΦS) is shown as a function
of
√
µ2S with its limiting values.
The meaning of the value AND can be better under-
stood if we consider the case with classically scale in-
variance (CSI) for the same particle content[21, 22]. In
this model, all the fields are massless at tree level. The
EWSB occurs at one-loop level by the Coleman-Weinberg
mechanism[23]. An interesting prediction is ∆λCSIhhh =
+2/3 ' +67%[22], which is independent of N . This uni-
versal prediction is the most distinctive feature of the
model based on CSI broken by the EWSB. The sphaleron
energy can be calculated by replacing V (Φ) by the one-
loop effective potential V CSIeff (Φ, Si). We obtain the de-
viation in the sphaleron energy as ∆ECSIsph = −0.121TeV
(∆ECSIsph /E
SM
psh = −1.33%). Taking into account the above
prediction on ∆λCSIhhh, we obtain A
CSI = AND.
Finally we discuss the MCHMs, where the Higgs bo-
son is regarded as the pseudo Nambu-Goldstone boson
for the spontaneous breaking of the global symmetry
SO(5)→ SO(4)[24]. The sphaleron energy for this model
was first evaluated in Ref. [9] for the model with the mat-
ter representation to be 4 (MCHM4). We here discuss the
models with two matter representations; i.e., MCHM4
and MCHM5[25]. We note that, in these models, the
sphaleron energy can be affected not only by the change
in the Higgs potential but also by the deformation of the
term of the covariant derivatives.
For the MCHM4 the Higgs sector is replaced by
(DiΦ)†DiΦ → 1
4Φ†Φ
[∂i(Φ
†Φ)]2
(
1− 1N 2 sin
2N
)
+
1
N 2 sin
2N (DiΦ)†DiΦ, (21)
V (Φ) → α cosN − β sin2N , (22)
where fpi is the decay constant of the symmetry breaking,
α and β are constants, and N =
√
2Φ†Φ/fpi. Expand-
ing the energy functional with the inverse of the decay
constant 1/fpi and using the hedgehog ansatz, we obtain
∆EMCHM4sph =
piv4
12f2pimW
∫ ∞
0
dr
[
r2κ2(3 + S4)
×(1− S2) −4S4(1−R)2]+O( v5
f4pi
)
, (23)
4with R = R(r) and S = S(r) being given in
Fig. 1. The deviation in the triple Higgs coupling is
given by ∆λMCHM4hhh ' −v2/(2f2pi). We then obtain
AMCHM4 ' 1.939TeV, which comes from contributions
of ∆V (+2.918TeV) and the covariant derivative term
(−0.979TeV). For fpi = 600GeV (1TeV), we obtain
∆λMCHM4hhh = −8.4% (−3.3%) and ∆EMCHM4sph /ESMsph =
+1.78% (+0.647%).
For the MCHM5, the covariant derivative term takes
the same form as MCHM4, while the potential differs to
V (Φ) = α′ cos2N + β′ cos2N sin2N , (24)
where α′ and β′ are constants. It gives ∆λMCHM5hhh '−3v2/(2f2pi), which is larger than ∆λMCHM4hhh for the same
value of fpi. Using the same method as the MCHM4,
we obtain AMCHM5 ' 0.745TeV. For fpi = 600GeV
(1TeV), we evaluate ∆λMCHM5hhh = −25.2% (−9.09%) and
∆EMCHM5sph /E
SM
sph = +2.06% (+0.746%).
Several comments are given in order. First, although
the magnitudes of ∆Enewsph /E
SM
sph discussed in this Letter
are at most a few percent, such deviations become cru-
cial around the transition temperature by the enhance-
ment. Contrary to the case of the SM[26], there are large
temperature dependences in Enewsph (T ) when the first or-
der phase transition is strong enough[8]. The sphaleron
decoupling condition is sensitive to a small deviation in
∆Enewsph at zero temperature[27, 28]. Therefore, our anal-
ysis is significant in connection with the EW baryogene-
sis. Second, the triple Higgs boson coupling is expected
to be measured by about 10% or better accuracies at fu-
ture high-energy colliders such as the 0.5-1TeV option of
the International Linear Collider[15], the Compact Lin-
ear Collider[16], the High-Energy LHC[17] and so on.
Third, our analysis can also be applied to the case where
multiple VEVs appear in extended Higgs models, as seen
in Ref. [29] for the model with the mixing with the singlet
scalar field. Finally, we have focused the relation between
∆Enewsph and ∆λ
new
hhh since we are interested in the effect
of extended Higgs sectors. For models which affect the
covariant derivative term, the relation with hWW and
hZZ couplings would also be interesting.
We have discussed the relation between ∆Enewsph and
∆λnewhhh, which have opposite sign. Our results would be
useful to determine the sphaleron energy by measuring
the hhh coupling at future high-energy experiments.
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